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B.A. PART - I SEM-I MTHB1102T
ALGEBRA AND TRIGONOMETRY

LESSON NO. 1.1 CONVERTED INTO SLM MODE : DR. CHANCHAL

DE-MOIVRE'S THEOREM AND ITS APPLICATIONS

Structure :
1.1.1 Objectives
1.1.2 Introduction to Basic Concepts (Complex Numbers)

1.1.2.1 The Product and Quotient of two Complex Numbers
.1.3 De-Moivre's Theorem
.1.4 The nth Roots of a Complex Number
.1.5 nth Roots of Unity
.1.6 Expressions for sin n6 and cosn0 in terms of Powers of cos 0 and sin 0
.1.7 Expressions for cos"0 and sin"0 in terms of multiples of cos 0 and sin 0
.1.8 Solution of Some Polynomial Equations
.1.9 Summary
.1.10 Key Concepts
.1.11 Long Questions
.1.12 Short Questions
.1.13 Suggested Readings
.1.1 Objectives

In this lesson, we will focus on algebra of complex numbers, De-Moivre's

[ I e S S O

theorem and its applications, nth roots of unity.
1.1.2 Introduction to Basic Concepts (Complex Numbers)
A number of the form a + ib where a, b are reals and i =+/-1, is called a complex
number a is called the real part of Z = a + ib and b is called the imaginary part of Z.
Z = a - ib is called the conjugate of Z.
If we take a =1 cos 6 and b = r sin 0, then r is called the modulus of Z and 6 is

called the argument of Z.
iie.a=rcos 0, b=rsin0,

r=+a? +b? and

f=tan™’ b
a
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1.1.2.1 The Product and Quotient of two Complex Numbers
Letz =1 (cos 6 +isinb) and z,= r,(cos 0,+ i sin 0,))
Now, z,z,=rr,(cos 0, +1isin 6 ) (cos 6,+ i sin 0,)
=1,r,[cOos O, cos 0,+ i sin 0, cos 0,+ i cos 0, sin 0,+ i*sin 0, sin 0,]
=r,r,[(cos 0, cos 0,- sin 0, sin 0,) + i (sin 0, cos 0,+ cos 0, sin 0,)]

rr,fcos (6,+0,)+isin(0,+0)] . (1)

and

z, r(cos0, +isin0,)
Z, T,(cosB,+isin®,)

r, (cos®, +isin 0,) (cos6, —isin6,)
1, (cos6, +isin6,) (cosB, —isin 6,)

_h [(cos 6, cos 0, +sin 6, sinh, ) —i(sin6, cos B, — cos 6, sin 6, )]
Y

=11:—1[cos(61 -0,)-isin(0,-0,)] 2)

2

From the right hand sides of (1) and (2) we observe that, the absolute value of
. T

z,z,is r r,and of s r—l and amplitudes are 6, + 6,and 0, - 0, respectively. In other
Zy 2

words absolute value of product (quotient) of two non zero complex numbers z and z,is
product (quotient) of their absolute values and the sum (difference) of every pair of

. z

values of the arguments of z , z,is an argument of z z, [—1J
z

2

Symbolically, |z,z,| = |z,||z,|, Arg (z,z,) = Arg (z,) + Arg (2,)
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and, L

Z.
= ’—il Arg [2_1] =Arg z, — Arg z,

z,| |zl z,

(z,z,=1,1,[cos (6, + 60, +isin (0, + 0,)])
For n variables : The result can be extended by induction.

MTHB1102T

Ifz,z,.cconninnn. z_are non-zero complex numbers with polar forms,
i.e.z=ri[(cos 6,+1isin6), 1 <i<n
then,
Z = Zyeriaiinnnnn Z =T Ty r,
([cos (0,+0,+ .......... 0)+isin (0,+0,+......... U ] | I
when, in particularz =z,= ................ =z =z,
D =r =r,0,=0,= ... =0.=0
then
z"= [r (cos 6+ i sin 0)]"
ST, eieennen. ntimes [cos(0+60............. n times) +isin (0+ 60+

= z*=r"(cosn®+isinn6) L.
The relation (4) is true when n is a +ve integer.
If n is a negative integer, say n = —m, then

(cos 6 +1isin 0)*= (cos 6 + i sin 6)™

1

(cos 6 +isin (%))m

1
(cos m6 + i sin m6)

1 cos m0O —isinmo

(cos m6 +1 sin m6) "cos mO —isinm0

= cos mb — i sin m0
= cos (-m 0) + i sin (-m 0)
replacing - m by n
=cosnbO+isinn6
so we have proved the following theorem :
1.1.3 De-Moivre's theorem
If n is an integer (+ve or —ve)
then,(cos 0 + i sin 6)"= cos n 6 + i sin nO
Note : Remember that (sin 6 + i cos 6)"#sin n 6 + i cos n 6.

.......... n times)]
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1.1.4 The nth Roots of a Complex Number
Suppose A is any complex number and we are interested to find the nth roots

of A.

1
Let Z=(A)n

then Z»=A . (1)
Now Z is a complex number, say
Z =71 (cos 0 +1sin 0)
and A=p(cos ¢+isin ¢)
Substituting the value of Z and A in (1), we get
[r (cos 0 +1isin 0)]*=p (cos ¢ +isin ¢)
By using the De-Moivre's theorem for +ve integers, we have
r"(cosnO+isinn6) =p (cos ¢ +1isin ¢)
Now we know that, two complex numbers are equal if and only if their absolute
values are same and their arguments differ by integral multiples of =«.
So, "= p and n 0 = ¢ + 2kn, where k is any integer
Therefore roots are

[ (e 25
p*|cos| —+—m +ism| —+—m|\ (2)
n n n n
where k is any integer.
Fork=0,1,2,......... n - 1, the complex numbers (2) are all distinct since their

arguments do not differ by integral multiples of 2n. Every other member occurring
after the above n values of k will be equal to one of these.
For example, if we put k =nq+m,0<m<n

2
0,2k ¢ 2(mg+mjr ¢ 2m=
n n n n n

+2 nq

Thus the n roots of A are given by

1
Zng [cos($+%n)+ism(g+%nﬂ
n n n n

where k=0,1, 2, ........... ,n—1, and all are distinct.
Remark : From the above, we have seen that we can find the value of

1
[p (cos ¢ +1sin ¢)}H i.e. nth roots of a complex number can be determined.
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. m
For any rational number —,n>0
n

Zm/n=Z"" =[n(cos ¢+ isind))]é = nm(cos ¢ +isin d))i
n

then the n roots of (cos ¢ + i sin ¢) are

os(MjJriSin(Mjk:O’l,z .................. n-1
n n

In particular when k = O we have

(cos O+isin@)n = (cos Mori sinmej
n n

Hence we can say that De-Moivre's theorem also holds good when n is a rational
number.

(cos 6 +1isin 6)3 (cos B—isin 9)5
(cos 26 +1isin 26)4

Example 1 : Simplify

Sol. : (cos 6 -1 sin 0)° = [cos (-6) + i sin (-0)]°
= [(cos 6 + i sin 0)7!]° (by De-Moiver's th™m)
= (cos 0 + i sin 0)°
(cos 20 + i sin 20)*= [(cos 6 + i sin 0)?]*

= (cos 0 + i sin 0)®

(cos 6 +isin 6)3 (cos 6 —isin 6)5
(cos26 +isin 26)4

(cos 6 +isin 6)3 (cos 6 +isin 9)75

(cos 26 +isin 29)8

= (cos B + i sin 6)1°= (cos 106 — i sin 1060)

Example 2 : Simplify (sin 6 + i cos 0)°

Solution : sin 6 +icos 6 =1 (cos 9+lsin 9) =1i(cos -1 sin 0)
i

i(cos (-0) + i sin (-0))

i[cos 6+ 1 sin 0]

(sin 0 + i cos 0)°=[i (cos 0 + i sin 0)7!]°
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i%(cos 6 + i sin 0)°
(-1)3(cos 66 — i sin 6 0)

= — (cos 60 — i sin 60) = —cos 60 + i sin 660
Alternative Method :

in 0+ i 0 cos(Tc 9)+isin(7T Oj
sin icos 0= — = ——
2 2

6
= [sin 6 +icos 9]6 = [cos [g - 6) +isin (g - eﬂ
Using De-Moivre's theorem

[sin 6 +icos 6]° = cos (6%— 69) +isin (6%— 69}

cos (3t — 60) + i sin (3n - 60)

—cos 60 + i sin 60

1 1 1
Example 3 : If x+—=2cos 6, find x" + — and x" —— where n is a positive integer.
X X X

. 1
Solution : We have X+ - =2cos 0

= X2+ 1=2xcos 0
= xX?-2xcos0+1=0
X_QCosei\/4cos26—4
2

_2cos0+2isin®
2

=cosOxisinB

when we take x = cos O +isin 0
-1

l:(coseJrisine)
x
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X" + Ln =(cos0+isin®)” +(cos O +isin6) "

X

cos nO +1isin nb + cos nO-1isin 0

= 2 cos no
and
X" — Ln =(cos0+isin®)" —(cos0+isin6) ™"
X
= (cos nO + i sin nB) — (cos nO + i sin nb)
= 2 i sin noO
Hence
.1
X'+ —= 2cosnb
X
and
| ..
X' —-—= 2i sin n6
X

sly, we can find the values for x = cos 6 — i sin 0
Example 4 : Show that if (cosa+isin a) (cosf+isin ) =1
then o + B = 2k n where k is any integer.
Solution : Now (cosa+isina) (cosB+isinf) =1
or cos (a+ B)+isin(at+p)=1
or cos (a+B)=1andsin (a+p)=0
[Equating real and imaginary parts]
Hence o + B = 2k n where k is an integer.

Example 5 : Prove that [1 +s1n9+1cos9j = cos (ﬂ—n6j+ isin (ﬂ_ngj
1+sinB®—-icos®6 2 2

o w |1+cos|Z-0|+isin|Z-0
1+s1n6+1cosej B 2 2

1+cos(n—6]+isin(n—6j
2 2

L.H.S. :E - -
1+sin®-icos0

MTHB1102T



B.A. Part - I (Sem-I) 8 MTHB1102T

=cos (% - nGJ +1sin (% - nej =RH.S

Example 6 : Apply De-Moivre's theorem to find the quadratic whose roots are nth
powers of theroots of x2—2xcos 6+ 1 =0

Solution : xX°-2xcos 0+ 1=0,x=cos 0tisin0

If the take o =cos 0 +isinOand f=cos 0—-1isin 6

then, a"=cosn6O+isinnOand f=cosnbO-isinn

S = sum of roots = a"+ = 2 cos no

P = product of roots = a"p"=1

The required quadratic is
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x2-Sx+P=0
x?-2xcosnbB+1=0

Example 7 : If cosa+ cos B+ cosy=sina+sin+siny=0
Then show that

(i) cos 3a+ cos 3B+ cos 3y=3cos (a+ P +Yy)

(ii) sin 3o + sin 3B + sin 3y =3 sin (a+ B + ¥)

(iii) Y sina=) cos’a= ?

Solution : Given cosa+ cos B+ cosy=sina+sin f+siny=0
We define o = cis = cos a + i sin a
b = cis B, c=cisy
at+b+c=(cosa+cosf+cosy) +i(sina+ sinf + sin y)
a+t+b+c=0
We also know thatifa + b + ¢ = 0, then a®+ b+ ¢®= 3abc
i.e. (cis )%+ (cis B)®+ (cis y)®= 3 cis a cis B cis vy
cis3a+cis 3B+ cis3y=3cis(a+ B +vy)
On comparing real and imaginary parts, we get
cos 3a+ cos 3B + cos 3y=3 cos (a+ B +v) and
sin 3o+ sin 3 + sin 3B+ sin 3y=3 sin (a + B+ )
To prove last part :
sinceat+b+c=0anda=cisa,b=cisf,c=cisy
§+ % + % = cis (—o + cis (-B) + cis (7))
=(cosa+cosP+cosy)-i(sina+sinf+siny)=0
ab+bc+ca=0
Now (a+b+c)?=a%+b%+c?+2ab+ 2bc+2ca=0

U

= a2+ b2+ c?2=0 [-ab + bc + ca = 0]
= cis 2o+ cis 2B+ cis 2y=0
i.e. cos 2a + cos 28 + cos 2y=0
2 cos?a—-1+2cos?f-1+2cos?y-1=0
2 2 2 3
= 2(cos + cos” B + cos y)z—
2
2 2 2 3
= cos” o+ cos” P + cos YZE

Similarly we can prove that
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. . . 3
sin® o + sin® B + sin® y =3

Example 8 : a = cis a, b = cis B, ¢ = cis y then prove that

ab ¢

i — +—=2 +B -

(i) - 0 cos (o +B-7)

(i)~ a'bie’+— o =2cos (ap+pq - yr)

arbict 41 =21isin (ap +pq —yr)

(111) aPbic’ - p q-v

Solution :

. ab ¢ _cisacisp _ cisy o cis o b o o

0 c ab cis y cis o cisp [va=ciso,b=cisp c=cisy]
=cos (a+ B —y) + cis (y) - (a) = (B)

=cos(a+PB-y)+isin(a+pf-y)+tcos(a+P-y)—isin(a+P-17)
{_ cos (—9):0059}

" sin(-6)=-sin0

=2cos (a+B-17)
In a similar manner (ii) and (iii) parts can be proved.

n+2

MTHB1102T

Example 9 : Prove that (1+i)" +(1-i)" =22 cos % where n is any positive integer.

Solution : 1+i= \/5[

%)

ol -

~ 3 [ s isin )
(1+i)° :{\/5 [cos%+isin %ﬂn

z nn nn
=22 ) — +isin —
|:\/ (COS 1S1in j:|
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also

Now

Hence

Example 10 : Find the two square roots of [

Solution : {ET :[E i % }

&

-nn nn . (-nn . nn
cos | —— | =cos — and sin | —— | = —sin —
( 4 j 4 [ 4 J 4

(I +1)7+ (1-1)

=022 cosg+isinﬂ =22 cosg—isinE
4 4 4 4

1 1
2

1+1 1

T okn

1
2

T . .. T ..
=|COS —+1S1n — =C0O0S ——— +1S8SIn
4 4 2

MTHB1102T
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where k = 0, 1

where k = 0, one root is cos£+isinEJ [52@:22.50}
8 8) 18 8

TC T

z —+2

4+2n (4 n)
2 2

+1sin

when k = 1, the other root is cos

[9ﬂj ( n] cos T
Now cos|—|=cos|n+—|=—
8 8 8

d sin on sin| m+= sin =
an o rY s 'S
8 8 8
Hence two square roots are
Y . . T
t|cos —+1sin —
8 8

Self Check Exercise

1. Prove that :(1+i)“ _(1_i)n Y]

1.1.5 nth Roots of Unity

When n > 1 and n is an integer, then any complex number Z such that Z*= 1 is
called on nth root of unity.
Now

1 1 0+2kn 0+2kn
[p (cos 0) +1sin e]n =p"|cos » +isin »

wherek=0,1,2, ............ ,n—-1
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In this case, p (cos 6 +1isin 6) = 1
i.e. p=land6=0

2kn . . 2kmn
Hence nth roots of unity are cos T+ 1sin o where k=0,1,2 ............ ,n-1
. 2kn . . 2knm
if a=cos — +isin —
n n
then, 1=a2a%al,a%............ , ar! (since am= 1)

are the nth roots of unity.
Example 11 : Find the sixth roots of unity, which of these are square roots of unity ?

. . 2kn . . 2kn
Solution : Roots are given by cos T+1 SlnTwhere k=0,1,2,3,4,5.
kn . . kn
when k = 0, cos?+1s1n?=1

henk =1 cos§+isinﬁ—cos£+isin£—
when ’ 3 3 3 3

1B 1
2 2 2

when k = 2, cos%+isin@=cos r-Zltisin|n-=
3 3 3 3
J3

T .. T 1 .
=—-cos —+isin—=-—+i—
3 3 2 2

when k=3, cosnt+isinn=-1

1 .3

4 . . 4n ) .. T .
when k = 4, cos —+isin—=cos|n+— |[+isin|n+—|=—-|=+1—
3 3 3 3

2 2
when k = 5,
_ 1+i+/3
cosﬂ+isinﬁzcos(2n+£j+isin[2n+£j=—coszzisinﬁz—l—iﬁz—u
3 3 3 3 3 3 2 2 2

Out of these six roots, 1, -1 are square roots of 1.
1.1.6 Expressions for sinnf and cosnf in terms of Powers of cos 0 and sin 6 : n
being a positive integer.
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We already know that

sin 26 = 2 sin 0 cos 0 (formula)
sin 36 = 3 sin 6 — 4 sin®0 (formula)
cos 20 = 2 cos?0 -1 (formula)
cos 30 =4 cos?6 -3 cos 0 (formula)

Thus we have been able to express sin 20, sin 30, cos 20, cos 30 in the powers
of sin 6 and cos 0.
Now we find expansions of sin n 6 and cos n 0 in terms of sin 6 and cos 6.
By De-Moivre's theorem

cosn 0+ isin 6= (cos 0+ 1isin 0)»
Now expanding (cos 0 + i sin 0)" by binomial theorem, we have

(cos 0 + i sin 0)* = cos"@ +"c, cos™ " 0(i sin 0)

+°c, cos™?0 (i sin 0)>+ “c, (cos 0)* " (i sin 0)°

or
(cos n6 + i sin n6) = [cos"0 - "c,cos™> 0 sin’0 + "c,cos™* 0 sin® 0O +............... ]
+1i ["c, cos™! 0 sin 6 —"c,cos™ 0 sin®0 + "c,cos"® 0 sin®0 +.............. ]
on equating real and imaginary parts we get the value of cosnf and sin n 6.
Example 12 : Express cos 40 in terms of powers of cos 0
Solution : cos 40 = cos*0 - *c, cos?0 sin’0 + “c, sin*0

=cos*0 - 2?;! cos? 0 (1 - cos? 6) + (1 - cos? 6)2

cos*0 — 6 (cos?20 - cos*0) + (1 + cos*O— 2 cos?0)
8 cos*0 - 6 cos?0 + 1.

Example 13 : Express sin 70 in terms of powers of sin 0

Solution : (cos 0 + i sin 0)" = cos’0 + i’ ¢, cos*0 sin’0 - “c, cos®0 sin*0 - i’ c, cos* 6 sin’0
+ ’c, cos®0 sin* 0 + i. “c_ cos®0 sin®0 ~"c, cos 0 sin®0 + i “c, sin”
an equating imaginary party, we get
sin 70 = "c, cos®0 sin 0 —"c, cos*0 sin® 0 + “c_ cos?0 sin®0 - “c, sin” O
=7 cos®0 sin 0 — 35 cos*0 sin®0 + 21 cos?0 sin®0 — sind
7 (1 — sin20)3. sin 6 — 35 (1 — sin20)2sin®0 + 2I (1 — sin20) sin®0 — sin’0
7 (1 — sin®0 — 3 sin?60 + 3 sin*0) sin O
- 35 (1 + sin*® — 2 sin?0 sin®0)
+ 21 (sin®6 — sin’0) — sin” 0
=7 [sin 6 — sin”0 — 3 sin®6 + 3 sin 0]
—-35 [sin®0 + sin’0 — 2 sin® 0]

+ 21 [sin®a — sin’0] — sin’®
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= —-64 sin’0 + 112 sin%0 — 56 sin®0 + 7 sin®
1.1.7 Expressions for cos"0 and sin"0 in terms of multiples of cos 0 and sin 6

If z=cos 6 +1isin 0, then §= cos 0—1sin 0

by De-Moivre's theorem

z"= cos nb + i sin no zi“ =cos n 0—1sin nO
so that

z+l:20039,z—l:2isin6
z z

z+in=200s6,z—in=2isin9
z z

Now,
n 1Y
(2cos6)” = (z + —J
z
2
=z"+"C,z" (lj +"C, z" (lj
z z
Frvreeeeenns + "C, z" [l) F e + "C, [lj
z z
(z“ +inj +"C, (z“l + 371 j +"C, [an + nlfz ) Foreereens
z z z
= 2"cos"@=2cosnb+"C 2cos (n-1)0+7°C,2cos (n-2)0+ ... (1)
OR
271 cos™@ = cos nb + "C cos (n-1) 06 + "C,cos (n-2) 6+  ............ (2)

Similarly, the expression can be derived for sin"f.
Example 14 : Express cos®0 in terms of those of cosines of multiples of 6.
Solution : Let z = cos 0 + i sin 0

1 .
than, —=cos6—-isin®
z

On adding, 2cos0 =z + 1
z
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6
= 26cos6ez[z+lj
z

=2°+°C z*+ °C,z>+ °C,+ °C,z? + °C_z* + °C z™°

:(z6 +Zi6j+ °C, (z“ +Zi4J+ °C, (zz +Zi2j+ °C,

=2 cos 60 + 6.2 cos 40+ 15.2 cos 20 + 20
2%c0s°0 [2 cos 60 + 12 cos 46 + 30 cos 20 + 20]

cos® :é[cos 66 + 5cos 40 + 15 cos 26 +10]

1.1.8 Solution of Some Polynomial Equations

Example 15 : Find the solutions of X"+ x5+ x5+ x*+ x3+ X2+ x+ 1 =0

x® -1
x-1

Solution: X’ +x° +x°* +x* +x* + x> +x+1=

MTHB1102T

the solutions of the given equation are the roots of x®= 1 except x = 1.

Now x8=1
= 1. (cos 2rn + i sin 2rn)

- x=cos%+isin&,wherer=0,l,2, ............. , 7.
8 8

whenr=0,x=1

X:cos%+isin%,wherer:0,l,2, ............. , 7
whenr=0,x=1

2n 21

r=1,x=cos—+iSin—......... SO on
8 8

Hence the solutions of the given equation are given by

2rm . . 2rnm
X=COS?+1SH’1?, wherer=1,2,.......... , 7

Example 16 : Using the equation x5+ x5+ ............. +x+1
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. . 2n 4
Find an equation whose roots are cos — cos —, Ccos — .

Solution : As done in the previous example, we can find that

Now,

and

Let,

Then,

and

2rn . . 2r=n . 5
cos 7+ 1 SmT are the roots of x°+ x>+

wherer=0,1, 2, .......... 6
277(1 —2m ﬂ —4m
2n e7 +e 7 4t e7 +e 7
cos = , —=
7 2 7 2
6 —6mi
6n e’ +e 7
cos — =
7 2
1
2y =x+—
X

8y° =x° +i3+6y
X

2min

Now, if x=€ 7 ,theny:COSQL;l,nzl,Q

Also then

X0+ x°+x*+x3+x2+x+1=0

1 1 1
X+ +x+1+=+—+—=5=0
x x° X

MTHB1102T
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(x3+i3j+(x2+i2j+(x+lj+1:0
X X X

8-6y+4-2+y+1=0
8y*+ 4y2- 5y -1=0

21n
Hence cos o n =1, 2, 3 are the root of

8y3+ 4y%2- 5y -1 = 0.
1.1.9 Summary

In this lesson, we have discussed about the complex numbers and their
important characteristics such as operations on complex numbers, nth roots of complex
numbers. The concept is used to find out nth roots of unity and to solve some polynomial
equations.

1.1.10Key Concepts

Complex Numbers, De-Moivre's theorem, nth roots of complex numbers, nth
roots of unity.

1.1.11 Long Questions

1. (a) Is (sin®+icos B)"=sinn 6+1icosn 6, nbeing a + ve integer ?
(b) Is (sin 6, +icos 0)) (sin ,+icos 6,) =sin (6,+6,) +icos (6, +0,) ? Justify
2. Prove that
QCOSE,QCOSE,QCOS@
5 5 5

87w
2cos 5 are the roots of the equation

X+ 2x°-x?>-2x+1=0
3. Prove that the roots of

(1 + %)+ (1 — x)?»= 0 are given by

X=J_ritan241mrc;m=0,1,2, ........ (n-1)
4, Prove, that

sin 1is a root of
14



B.A. Part - I (Sem-I) 19 MTHB1102T

64x5— 80x*+ 24x%2-1 =0
S. Show that the roots of the equation

(x-1)" =x" arel(l+icotn—rj
2 n

1.1.12 Short Questions

1. Simplify the following :

(cos 46 +1 sin 46)’

(&) (cos 26 — i sin 26)°
(b) (cos 20 + i sin 26)*
(c) (1 —cos 6+1isin 6)®
2. Find the four fourth roots of /3 +i
3. Find the three cube roots of —/2 +/2 i
4. Find the eight eighth roots of 1.
S. Express the following in terms of cos 6 and sin 6
1. sin 660
2. cos 560
3. sin 96
0. Express the following in terms of cosines or sines of multiples angles
(a) sin®0 cos?0
(b) cos’0 sin?0
(c) sin®0 cos*0
7. Solve the equation
(a) x"+1=0
(b) xt-x3+x2-x+1=0
(c) (1+x)°+x°=0.

1.1.13Suggested Readings
R.S. Verma and K.S. Shukla, Text book on Trigonometry, Pothishala Pvt. Ltd.,
Allahabad
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1.2.1 Objectives
In this lesson, we will focus on :

1. The concept of exponential functions related to complex variables and their
periodicity.
2. Principal and general value of logarithmic functions.

1.2.2 Introduction to the Series of Exponential Function
Consider e? = X"l = exely where e¥= (cos y + i sin y)
=e*(cosy +1isiny)
Real (Re) part of e“’= e*cos y
Imagi®"™

v o\

g) part of e’= e*sin y
and the series for e?is

2 3
e’ =l+z+—+—

Igllg"' .....................

ez1+22

= \2 . 3
:1+(x+iy)+(x+1y) +(x+1y) +

2 B e

Also e“le”2 =¢e”l +e2

20
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Take z =x +iy,z,=x,+1iy,

zl+ ZQ= ((X1+ X2)+ 1 (yl+YQ))

el ye2 =272 [COS (Y1 +Y2)+iSin(Y1 +Y2)]

=e'le™ (cosy, +isiny,)(cosy, +isiny,)

=e"l .(cosy, +isiny,),e 2 (cosy, +isiny,)

=e"l . e
Hence ezl+22 :ez1 Aezz
1.2.3 Periodicity of Exponential Function
We have seen above that
e’=e*(cosy +1isiny)
Since cos y & sin y are periodic functions
So, e*= e*[cos (2nr +y) + i sin (2ar + y)]
= eX, e[2rn+y)i
= ex* iy + 2rni
= ez* 2rni

Hence e*is perodic with period 2rm.

Example 1 : Find the imaginary part of (-2

Sol. : e(2—3i)2 _ e+oi?-12i

— e—5—121

= e (cos 12 —isin 12)

. _3i)2 _ .
and hence, mg. (e'2 0 )= -e’sinl2 ™

Example 2 : Express e'+ e?in the form A + iB.
Sol. : e'+ e'= (cos 1 +isin 1) + (cos 1 —1isin 1)
=2cos 1 t1
So el + e'is purely real.

Example 3 : If a and b are roots of x2+x+ 1 =0

3

_n 3 .
Show that for any number n, ae™ + be?” =e 2 [cos \/gn ++/3 sin 7n}
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-1i+/3
Sol. : Now clearly ~a= 12\/_
—(1+i«/§)
= 5 n

—[_—1+i 3]6_; cos@+isin3/g
2 2 * 2 Iy

=€ —+1— COS — +1S8S1in —
2 2 2 2

COS —— —
2 2 2

Similarly, be™ e 2 {_—1 =i ﬁ} { J3n sin @}

On adding the last two, we get the desired result.
1.2.4 Logarithmic Function : (Principal Value)

z =x +1iy =re”’ where r = \x* + y? (orr2 :x2+y2)

and 0=tan!

X <

Now, log z = log (x + iy) = log (re®®) = log r + i0

—log /x> +y> +itan' L
X

= % log x> +y® +itan™’

X<

1.2.5 Laws of Logarithm

General value of log z is given by adding 2n =n i to principal value of log z
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i.e. 10gz=%log(x2+y2)+itan_1l+2nni

X

Example 4 : Find the general and principal value of log i.
Sol. : logi=1log (0 + 1i)

1 1
=—log (0> +1°)+itan™'| =
2 g ( ) (oj

= llog l+itan™’ (l)
2 0

=0+it
2
= logi=1i g (Principal value)

Now, its general value is given by —g+ 2nmi

T .
=@4n+1)—i
2
Example 5 : Express log (log i) in the form of A + iB

. T .
Solution : logi=(4n+1) > i
Also, log [log i] = log (4n+1i) gi + gi +2mmi

:log(4n+1)g+i(4m+l)

N3

Example 6 : Prove that log (1+r cisf) = % log (1+2r cos 0+ r” cos® ) +itan™ [ﬁ
+rcos

rsin® j

Solution : log (1 + r cisf) =log 1 + r cos 0 + ir sin 6)

:%log[(1+rcose)2+(rsin9)2]+itan'l[ r sin 0 j

l+rcos6
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1.2.6

or

Proof :

and

= % log (1 +1° cos 0 + 2rcos 9) + tanl[

= % log (1+2rcos6)+i tanl[

Gregory's Series

If -1<x<1,then

5 x? x°
tan X:X—?-F— ............. 0

S

when L < 0 Sﬁ,then
4 4

0 =(tano) —%(tan 9)3 + é(tan 6)5

consider

log (1 +ix) = %log (1+x?)+itan™(x)

Alsolog (1 +x)= X——+—.........

log (1 + ix) =X -t ...

on comparing (1) and (2), we get

5 x® x°
tan X:X—?-i-— ...............

S

24

rsin 0

rsin 0
l+rcos6

if we put tan'x = 0 or x = tan 6 we get

0 =tan® —ltan3 0 +ltan5 S IOT
3 5

1+rcos 6)

MTHB1102T
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if we put 6= %, then

fu 1 1
2° 1- 3 + g (an important result to remember)

Application of Gregory series to find the value of n

1 1
7+7

—tan'| 23 _|-tan'1=2"

consider tan™ 1 +tan™ L
3 1 1

= 0.7854 (on simplification)

1 1 1
Example 7 : Prove that n=2\/§ l-—+—————+ .
P [ 3?2 532 7.3° }

Solution : First find the value of R.H.S. and then compare

1 1 1
RHS=23|1-—4+—— —— .
{ 3.3 5.3 7.3° }
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_ox3| -t 1t 1.1

33 (E) 5 (va)
=6tan'1(%]=6x%
=n=L.H.S.

Example 8 : Prove that [

2 1 1

L.H.S. = 2[1—1. 13 1. 15
3 3 3 S 3
-1 ,11
=2tan —+tan  —
7
2
1 3 41
=tan +tan  —
1 7
1-=—
9
1 41
tan  —+tan —
7
3 1
4'7
=tan™!
an 31
1-—.=
4 7

2

1) 1
3 7) 3[33

Solution : (— + _j - (_ +
3 7) 3\3°

26

MTHB1102T
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tan (1) = % RHS.

Self Check Exercise

1. Use Gregory series to show that
BN R PO U P P PR
3 3
32 32 32

MTHB1102T

1.2.7 Summary

From this lesson, we have gained the knowledge of exponential functions of

complex variables which will help us to understand the concept of hyperbolic functions

of complex variables and to find the sum of finite trigonometric series. Further, based

on the exponential functions, we have defined the logarithmic functions of complex

variables.
1.2.8 Key Concepts

Exponential functions of complex variables, logarithmic functions of complex

variables, Gregory's series.
1.2.9 Long Questions

1. If—(\/§—1)<x<\/§—1,showthat
x* x5 2x 1( 2x js
2l X——+—......... = 7= 7| +
3 5 1-x 3\1-x
2. If x > 0, prove that

Lom (x-1) 1(x-1) 1(x-1
tan" x=—+ -= + =
4 \x+1 3\x+1 S{x+5
1.2.10 Short Questions

1. Split into real and imaginary parts

(2) e (b) e

T

| =

S(I—X
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2. Define periodic functions and give an example.
1.2.11 Suggested Readings

R.S. Verma and K.S. Shukla, Text book on Trigonometry, Pothishala Pvt. Ltd.,
Allahabad
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1.3.1 Objectives

In this lesson, we will learn to evaluate the sum of finite trigonometric series.
Further, we will study direct and inverse circular and hyperbolic functions of a complex
variable.
1.3.2 Summation of Finite Trigonometric Series

Art : Find the sum of cosa+ cos (a+ ) + cos (+ 2B) + ceveenennennens

Sol. : Let Denote it by 'S’ as

S=cosa+cos(a+P)+cos(a+2B)F eiiiiiiiiiiniininnnnnn. +cos(a+n+1[3)

Multiplying both sides by sin %

p p p

S.singzcosasin§+cos (oc+B)sin§+cos (a+2B) sinp

2

p

.............. + cos (a+m[3)sin§

29
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Using the result sin A — sin B = 2 cos ﬂsin A-B

We have

s.sing:%Hsm(wg]_sm(mg]}+{sm(w%_sm(wg]}} ........

cos [oc Mk [3] sin %B
S=———— 2 (A)
sin —
Cor. When f§ = o
cosa+cos2a+............. +cosna

a) . no
cos|a+n-1.—|sin —
( 2) 2

.o
sin —
2

a) . X
cos|xXx-n+1 —|sinn—
( QJ 2

. X
sin —
2
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Similarly we can prove that

sina+sin (a+B) +sin (a+ 2B) + .cooveviiiiinnn.. +sin(oc+n—1[3),

In the above results it should be noted that

.o . .
s1n§¢00ra¢2rn,r1s an integer.

2
If in the results A and B, we take B =f

then
( 2nj [ 2(n-1) n)
COS O+ COS | Oo+— [+.iinnnn. +cos| o+ =0
n n
. . ( 275) . [ 2(n-1) J
sinoa+sin|a+—/|+...cceenene +sinjao+———a |=0
n n
1.3.3 Some Important Examples.
Example 1 : Evaluate
sin® a +sin® (0 +B) +.ooorienns +sin4(a+n—1B)

Solution : First of all we will have to express
sin* 0 in terms of multiples of cos 6 and sin 6.
Now

V4

.. 1 ..
z=cos0+isin® —=cosO—-isin 0O
z

i
= Z—l:QiSinO
2

(2sin 0)* = (Z - l)
z

MTHB1102T
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4, 4 2 4 4 1 4 1
=7Z" + CIZ CQ— CS'_2+ C4—4
z z
1 1
:(Z4 +—4j -*C, (ZQ +—2j +4C,
z z

:(Z4+i4j—4[Z2+i2j+6

z z
=2cos4060-4.2 cos 20+ 6

16 sin“8=2cos 40-8cos 20+ 6

sin* 0 = 1 [cos 46 — 4 cos 22 + 3]
) +

Therefore

m=

+{cos4(oc—B)—40052(a+[3)+3}+

.......... +{cos4(a+mﬁ)—40052(OL+EB+3)}

= z::lo sin® (o + mp)

:%[{cos4a+cos4(a+ﬁ)+ .......... +cos4(a+ﬁ)}

—4{cos20c+c032(oc+[3)+ ......... +cos2(a+ﬁ[3)+3n}}

Using the r~sult (A)

4

anlo sin* (a0 + mp) = é [{cos 4a — 4 cos2a +3} ]

cos (2o +n —1)sin np

8 sin 2B

1 {cos (40+2(n-1)p)sin2np
8

Example 2 : Evaluate

Z: 1 sin kx cos 3kx

k=1

Solution : Now sin kx cos 3kx =%

[sin 4kx — sin 2kx]

MTHB1102T
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zzzl sin kx cos 3kx = % Z::l (sin 4kx - sin 2kx)

_1sin2n+1)xsin2nx sin (1l +n)x sin nx
2 sin 2x sin X

Self Check Exercise
1. Sum upto n term

3sina+5sin2 o+ 7 sin 3a +

1.3.4 C +iS Method

C =cos o+ xcos(a+p)+x*cos(a+2B)+......... +x"" cos (oc+n—1[3)

S=sina+xsin(o+B)+x’sin(o+2B) +......... +x"'sin (0 +n-1p)

Multiply the second expression by i and adding with first, we have
C+iS=(cosa+isinf)+ x][cos (a+ B)+1isin (a+ B)]
where cos aa +isin = C + iS

. : . _ : 7_1
= el® +Xel(a+ﬁ) +X2 el(a+26) i n-1 1(a+n ﬁ)

=e* [1 +xel? + x2 e?® 4 + x" el (“’”BJ

a=1
Summing the terms within square brackets by G.P.{ m]
r =Xxe

L {1-x"e™?) et (l—xnemﬁ)
=e (l—xeiﬁ ): —xal e (1)

and in a similar manner.

(C-is)=e" [1oxe?]
I:I_X eip:| ............ (2)

Now
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cyigo T [1oxe)
(l—xelﬁ) (l—xe‘B)

N [1 _ Xneinﬁ _ Xe—ins + Xn+le—l (n—l)[}j|

1-xeP —xe™® +x3

=€

e—ia [1 _ XneinB -x e—iﬁ + Xn+le—i (n—l)ﬁ:| ( . ,
= e’ +e " =2cos B)
(1—2x cos [3+x2)

and

. .S_e—ial:l_xne—in[}:lx l—XeiB
== 1-xe P p

l-xe’

e—ia [1 _ Xne—inﬁ _ XeiB T Xn+le—i (n—l)B:|

) (1—2X cosB+x2) ............ (4)

On adding the subtracting, we get the values of C and S.
Example 3 : Sum the series tan z + 2tan 2z + 22tan 22z + ............... + 2™ 1tan 27z
Solution : nth term = 2™!'tan 27!z
Now,we know that
tan o = cot a— 2 cot 2a

U_= nth term= 2" [cot 2"z~ 2 cot 2" 7]
U_=2"'cot 2"'Z - 2"cot 2"z
Puttingn=1,2, .......

U, = cotz — 2cot 2Z
U,= 2 cot 2z - 2°cot 2°Z

U = 2""'cot 2™z - 2"cot 2"Z
On adding

> U, U, =cotz—2"cot 2"z

Example 4: sin o sin 2a + sin 2a sin 3o+ .............. n terms
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Solution : Now sin a sin 2 « =% [cos o — cos 3a]
1
U, = 5 (cos o — cos 3a)
1
U, = 3 (cos 3a —cos Sa)

U, = % (cos Sa.—cos 7a)

U, =%[cos (2n-1) o —cos (2n+1) (x]

On adding

>U, = % [cos (2"')a—cos (2n +1) oc]

%.23in(n+1)asinna

=sin(n+1)asinna

1.3.5 Hyperbolic Functions of a Complex Variable :

e’ —e”’
sinhz = [-ve]
2
z —Z
-e
cos hz = [+ve]
z —Z
-e
tan hz = —
e’ +e
. iz _ e—iz
sinz =
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iz e—iz
CcoSz =
Or
.. v —e”
siniz = -
2i
e’ -e” ie"-e”
2i 2
siniz=isinhz ...
Similarl {sin 2z 2itanhz
imilar =
y 1-tanh?Z
.2 _
. 17z e 17z eZ _ eX
cos iz = =
2

cosiz=1icoshz
Also tan iz =1itanh z
We also know that

sin 27 = Qta—nf
1+tan®z
sin 2iz = 2012
1+tan” iz
isinhoz=-_2 A0z
1-tanh” iz
sinh 27 = 2tanhz  2tanhz

1-tanh®’z 1-tanh®z

Example 5 : If Z = x + iy express tan Z as
A +iB

ei(x—iy) _ e—i(x—iy]

Solution : tanZ =tan (x +1iy) =

I:ei(x+iy) + e—i(x—iy}] 1

MTHB1102T
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- [eix ey —e™ .ey]

[e“‘.e'y —e™ .eyJ

i [eQi’"QY - 1]

e 41

e 1] [[1 ¥ e”‘”]]

A | 1+e%x2y

- |:22ix—2y 1+ e4y _ e2ix—2y:|

—2ix-2y

1+e™% +e™ te

- [—1 e e (eQiX —e )]

[1 ey (e2ix _ e—Zix) e—2y:|

Multiply numerator and denominator by e¥

— [—er +e™ 1+ 2isin QXJ

[egy +e™¥ +2cos QX]

—i[-2sinh 2y + 2isin 2x]
[2cosh2y + 2 cos 2x]

[=1sinh2y + sin 2x|

[cosh 2y + cos 2x]

sin2x +isinh2x sin 2x L sinh 2y
cos2x +cosh2y cos2x-cosh2y  cos2x+cosh2y

1.3.6 Summary
In this lesson, we have learnt to evaluate the sum of finite trigonometric
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series. We have also introduced hyperbolic functions of a complex variable.

1.3.7 Key Concepts
Summation of finite trigonometric series, hyperbolic functions of a complex
variable.
1.3.8 Long Questions
1. If sin (U + iv) =x + iy, prove
2 2
. X y
+ =LV=0
(1) cosh’v cosh’v
.. x? y’ n .
(ii) osn?0  cos?U - LU#n 5 1 any integer.
2. If tan (A + iB) = x + iy, then
x?+y2+ 2x cot 2A =1
x?+y?-2ycoth 2B =1
3. Sum
. . nn-1) .
sinh 6 + nsinh 26 + sinh30+............. (n+1) terms
4. Find the sum of n terms of the following series :
(i) cosec a + cosec 20+ cosec 3o F.eeuennnnnn..
(ii) cosec O + cosec 40 + cosec 40 cosec 70 +..............
(iii) cos®a + cos®2a + cosa *...........
. . . 2n . 2n
(iv) sina+sin|oa+—|+sin|o+—|+..c.......
n n
S. Show that
sin®+sin30 +sin50+.......... n terms
tan nb =
cos0+cos30+cosS0+........ n terms
0. Sum the following series upto n terms.
(a) sinh a + sinh (a + b) + sinh (a + 2b) + ..........
(b) cosha+cosh(a+b)+cos(a+2b)+............
1.3.9 Short Questions
1. Separate into real and imaginary parts :

(i) sin (x + iy); x, y real.
(ii) cosh (x + iy); x, y real.

1.3.10 Suggested Readings
R.S. Verma and K.S. Shukla, Text book on Trigonometry, Pothishala Pvt. Ltd.,
Allahabad
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